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Abstract 

Explicit structure constants are calculated for certain Lie algebras 
of vectorfields on 2-dimensional compact manifolds. 



A central feature of M-brane theories is their diffeomorphism invari- 
ance, which in a partially gauge-fixed light-cone description (leading 
to a polynomial Hamiltonian and a Yang-Mills type matrix model 
for membranes [U [2jj3 is reduced to volume preserving diffeomor- 
phisms (VPD), i.e. diffeomorphisms (of the parameter space of the M- 
dimensional extended object) that have unit Jacobian, i.e. generated 
by divergence- free vector fields. Interestingly, volume non-preserving 
diffeomorphisms (VNPD) (re)appear in this partially gauge-fixed de- 
scription [U El E] in the reconstruction of the longitudinal field £ that 
(apart from the zero mode Co and its conjugate degree of freedom rj) 
disappears in the Hamiltonian formulation. The relativistically in- 
variant internal mass-squared involves only the (internal) transversal 
coordinates x a ^o and their conjugate momenta p a := f pY a (ip)d M tp 
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1 see e.g. 0|3] for reviews 



(the Y a , together with Yq = 1, being a complete, orthonormal set 
of functions on the parameter manifold Eq^, conveniently chosen as 
Laplace-eigenfunctions, AY a = —p a Y a ): 
oo 1 

M 2 = J2p a -p a + — ] ga^,...,p M 9a 11 ,..., lM Xfi 1 ■ x 71 ...xp M ■ x 1M , (1) 

a=l 

a — Y e a i- a Mf) V 8 Y d M to 

Due to C satisfying (and, apart from £ , being reconstructed from) 

daC = (2) 

VP 

(p being a non-dynamical density on of unit weig ht: / pd M <p = 1) 

L a := — ( V a Y a ?d a x (3) 

Pa J P 

-which is of the form J f a pd a xd M tp with V a / a = — Y a (hence a com- 
plete set of generators of volume non-preserving diffeomorphisms) is 
(up to the constant factor rj) identical to the a-component of £. As 
shown in [UJ, the Poisson-bracket (if quantized: commutator) of the 
generators ([3]) is ([a, a'] denoting antisymmetrization) 

[L a , L a /\ « e[ QjQ ,/] e L e (4) 

with 



pa 



:= J Y a Y p Y lP d M tp, (5) 



~ meaning 'modulo VPD'. 

In this note we will calculate explicitely the structure constants of 
the Lie algebra of vector fields on a 2-dimensional compact orientable 
manifold, using as a basis the generators L a , as well as 4> a := g a ^uX^p u 
and (absent on S 2 ) generators H r := J h a ^pd a xd 2 ip corresponding to 

harmonic vector fields (V a h^ = 0, e a bV a h b ^ = 0, r = 1, 2g, where 
g is the genus of the manifold), satisfying 



[Pa,(Pa>\ = 9aa'e<Pe 
[H r , H r i] = g r r'E<t>e 

[4> a ,H r ] = g are (j> e 

[L a , L a i] = e[ ajQ /] e L e + (jaa'e'Pe + ttt'r^ 
[La, <Pa'] = gaa'eL e + ^aa'e^e + C aa ' r H. 

[La, H r \ — g aTe L e + c are (j) e -\- y arr 'H. 



(6) 
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While the non-trivial fact that the L e component of [-L a ,</>Q,'] is (j aa ' e , 
i.e. that (modulo VPD) ( transforms as a function under VPD (im- 
plying in particular that f p(,d M ip weakly commutes with the 4> a ) was 
already noted in [1], we will (with e ab := pe ab and J f := J fpd 2 ip) 
now prove that 



eabh a {r) h b (r/) Y 6 (7a) 

9are = J Y a hf r) V a Y e (7b) 

_ Me ~ Pa ~ Pa n 

9aa'e — 9aa'e \'^) 
PaPa'Pe 

1 1 

kaer = ( 1 )9are (7d) 

C~aa'e — d a a'e ~\~ ~{c aa ' 'e ^eoa') (^0 



Cryrv'r 



= J Y a e ab V a Y a ,h (r)b (7f) 
1 1 

Care = ( Year (7g) 

Ma Me 



y arr / = y Yah^hi^iy (7h) 

(|7a|) Integrating by parts with respect to V a and using V a /t^ = 
we have 

[ffr.ffr/] = y (/i( r) V a /if r0 -(rn r'))pd b xd 2 ip 
= - f {h a {r) h\ rl) - (r O r')) V a (^x) = - y icdh^hf^ | 

= <i>ej tcdh\ r) h d {rl) Y e (8) 

(17b|) After decomposing p and x into Laplace-eigenfunctions, and 
using the fact that divergence free vectorfields form a subalgebra, the 
commutator [H r ,(f) a ] takes the following form 

p p ■ f 7 y (e ac v fe a a y Q ^ r) - e a6 a y a v 6 ^ r) )^a c r 7 (9) 
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Integrating the first term by parts w.r.t. V a and using V a h? r \ = 



gives ([7b]) 

-p/3-x y J V b Y a h\ r) e^daYpdcYy 

-Pp ■ f 7 I (e ab V b h c (r) ) (d a Y a d c Y y -(ao c)) Y p 

J ^ V ^ 

a c 

= <t> e fht r) V a Y a Y e (10) 

(j7c|) In order to find the coefficients of ^> e in 

[L a , L a ,} = — *— [ (V b Y a V b (V a Y a ,) - (a o c/))-^ (H) 

we insert the projector onto divergence-free vector fields (used in [7J, 
in the mid-eighties, in the proof of classical Lorentz invariance of the 
light-cone gauge-fixed description of bosonic M-branes) 

F?( V , <p) := -J2 -d c Y t ^)~d a Y^) + -8 a J(<p, <p) 
= £ -e cd d c 'Y t {ip)t a '~d al Y^) + h ir)c (v)h a {r) (<p) (12) 

e ^ r 

As 



J i aa V a ,Y e (&pdTxd 2 v = - J Ye aa 'd a xd/- 




(13) 

one has (in the last step integrating by parts with respect to the inner 

We = / (V b Y a V b (V c Y a ,) - (a <* a'))e cc/ V c 'Y e 

= -(— + — )— f Y a e cc ,V c Y a ,V c 'Y € 

data 1 e 

+ / (V b Y a V c Y a , - (a o a')) e cc ,V b V c> Y t (14) 

HafJ-a'He J s „ ' 



{Y a ,Y a >}£ b 
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which immediately yields (jTcjh 

(I7d|) Similarly, the coefficient of H r is (taking into account the 
harmonic part of the projector (|12p and integrating by parts with 
respect to the inner V fe ) 



1 



MaMa' 



(/x Q V a y Q /y Q - (a o c/^MaO) 



— / (V 6 Y a V a Y a , - (a o a')) V b h, r)a (<p) 



e ba {Y a ,Y a i} 



V )9ara' 
pa Ma' 



(15) 



The second term vanishes due to e V&/i( r ) a = 0> while the first one 



gives the desired result. 



(|7e|) In order to decompose 

l r 

Pa 



e ac V c y 5 V a V b y a - V a Y a e bc V a V c Y s 



pd b xd 2 f 



= J f d pd d xd 2 ^ (16) 



one simply inserts the completeness relation for vector fields, cp. (|12|) . 
obtaining 



/'c 



d c Y t {y)¥Y e {$)+lieY<Hr)M h U&) 

T 



-OdX 



+ 



Pe 



e cd d c 'Y e (v)e dd 'd d ,Y e {v) ld d x (17) 

P 



So the coefficient of </> e is 
1 



(d a Y e 



V b Y a V b \7 a Y 5 + V b Y 5 V a V b Y a 



-V b Y e V b Y s AY a 



Va[.. 



— f V b Y a Y e V b Y 5 + - / V b Y e Y a V b Y 5 



Pa 



Pe 

1 

d a 5e + -^{e a 5e ~ e ea s) (18) 



And the coefficient of L f 
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— / Y t (V c V b Y a e™V b V a Y s + V b Y a i ca V c V b V a Y s 

J y v ' 

e™V b Y a R adcb V d Y 5 

-e ac V a V b Y a V b V c Y 5 - y b V a S/ b Y a e ac V c Y 5j ) = g a5e (19) 

(-R ab V b +Va^)Y a e^V c Yg 

where we used the simple form of the Riemann tensor in two dimen- 
sions R abcd = K(g ac g bd - g ad g bc ), where K is the Gaussian curvature; 
so the second term is canceled by the R ab part of the last term, the 
first term is cancelled by the third one and the remaining part is ex- 
actly g aSe . 



(I7fj) The coefficient of H r in [L a , <fi$] is (integrating both terms by 
parts w.r.t. V a and using that e ab V a /i( r )b = 0) 

/ f b h ( r)b = — [ (e ac V c Y 5 V a V b Y a - e bc V a Y a V a V c Y s )h {r)b 
J Ma J 

= - f e ba h {r)a V b Y a Y 5 (20) 



Q7g|l7hj) In order to determine the coefficients of L e , <p t and H r i in 
[L a , H r ] we do the following 

[L a ,H r ] = ^1 / (V a Y a V a h^ b - h^ a V a V b Y a )Y p d b Y^ 

Ma J 

J (y*Y a hW> - h^ a V b Y a )y a (Ypd b Y 7 ) 



P/3 ■ X~f 



e ab e cd VcY a h d 



(r) 



-— f AY a h b ^d b x (21) 
Mai K) p 



where we integrated by parts w.r.t. V a . The first term gives a contri- 
bution to the coefficient of <p t directly, while the second one necessi 
tates a bit more work. After inserting the completeness relation (fT2l 
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we are left with three terms proportional to L e , <f> e and H r 



1 



Y a h^d c Y e L e 



(22) 



1 



/ 



Y a h c (r) e cc ,d c 'Y € <p e 



(23) 




(24) 
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